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Abstract

This thises numerically investigates the influence of aligned magnetic field, Cattaeno-
Christov heat flux and chemical reaction of the flow of an electrically conducting
nanofluid past a nonlinear stretching sheet through a porous medium with fric-
tional heating. The partial differential equtions governing the flow problems are
converted to ordinary differential equtions via similarity variables. The reduced
equtions are then solved numerically with the aid of shooting method. The influ-
ence of physical parameters such as nanoparticle volume fraction ¢, permeability
parameter K, nonlinear stretching sheet parameter n, magnetic field parameter M,
heat generation parameter (), Eckert number Fc¢, Prandtl number Pr, relaxation
time parameter 7,, thermophoresis parameter Nt, Brownain motion parameter
Nb, Lewis number Le and chemical reaction parameter v, on the velocity profile,
temperature distribution, concentration profile, skin friction coefficient, Nusselt
number and Sherwood number are studied and presented in graphical and tabu-
lar forms. The results obtained reveal that there is an enhancement in the rate
of heat transfer with a rise in the nanoparticle volume fraction and permeabil-
ity parameter. The temperature distribution is also influenced by the presence
of relaxation time parameter ;, Brownain motion parameter Nb, thermal radia-
tion R and nanoparticle volume fraction ¢. This shows that the volume fraction
of nanoparticles can be used in controlling the behaviours of heat transfer and

nanofluid fows.



Contents

Author’s Declaration iv
Plagiarism Undertaking \%
Acknowledgement vi
Abstract vii
List of Figures X
List of Tables xii
Abbreviations xiil
Symbols Xiv
1 Introduction 1
1.1 Thesis Contributions . . . . . . . . . . . . . 4
1.2 Layout of Thesis . . . . . . . . .. ... .. ... 5
2 Preliminaries 6
2.1 Some Basic Terminologies . . . . . . ... .. ... ... ...... 6
22 Typesof Fluid. . . . . . . . .. ... L 8
23 Typesof Flow . . . . . . . . . . . 9
2.4 Modes of Heat Transfer . . . . . . . . . . . . . .. . ... ... ... 10
2.5 Dimensionless Numbers . . . . . . . . . . ... ... . 11
26 Governing Laws . . . . . . . ..o 13
2.7 Shooting Method . . . . . . . . ... ... L 14
3 MHD Radiative Nanofluid Flow in the Porous Medium Induced
by a Nonlinear Stretching Sheet 17
3.1 Introduction . . . . . . . . . 17
3.2 Mathematical Modeling . . . . .. ... ... ... ... .. ... 18
3.3 Numerical Method for Solution . . . . . . . . . . . .. ... .... 30
3.4 Representation of Graphs and Tables . . . . .. .. ... ... ... 33

viil



1X

4 MHD Radiative Nanofluid Flow with Cattaneo-Christov Heat

Flux and Concentration with Chemical Reaction 43
4.1 Introduction . . . . . . . . ... 43
4.2 Mathematical Modeling . . . . ... ... . ... ... ....... 44
4.3 Solution Methodology . . . . . .. .. ... ... L. 58
4.4 Representation of Graphs and Tables . . . . . ... ... ... ... 62
5 Conclusion 76

Bibliography 78



List of Figures

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10
3.11
3.12
3.13
3.14
3.15

4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8
4.9
4.10
4.11
4.12
4.13
4.14
4.15
4.16
4.17
4.18
4.19

systematic representation of physical model. . . . . . . . .. .. .. 18
Impact of ¢ on f/(&) for M =0. . . . ... ... ... ..., 36
Impact of pon (&) for M =0. . . .. ... ... 36
Impact of g on f/(§) for M =2. . . . . . ... ... .. ... ... 37
Impact of g on 0(§) for M =2. . . . . .. ... 37
Impact of K on the velocity profile. . . . . .. ... ... ... ... 38
Impact of K on the temperature profile. . . . ... ... ... ... 38
Impact of n on the velocity profile. . . . . ... .. ... ... ... 39
Impact of n on the temperature profile. . . . . . . . ... ... ... 39
Impact of () on the temperature profile. . . . . . . . .. .. ... .. 40
Impact of Ec on the temperature profile. . . . . . . ... ... ... 40
Impact of R on the temperature profile. . . . . . . . .. . ... ... 41
Impact of M on the velocity profile. . . . . . . ... ... ... ... 41
Impact of M on the temperature profile. . . . . .. ... ... ... 42
Impact of Pr on the temperature profile. . . . . . . . . .. ... .. 42
Geometry of physical model. . . . . . . ... ... L. 44
Impact of ¢ on the velocity profile. . . . . . ... ... .. ... .. 66
Impact of ¢ on the temperature profile. . . . . . . . ... ... ... 66
Impact of K on the velocity profile. . . . . . . ... ... ... ... 67
Impact of K on the temperature profile. . . . ... ... ... ... 67
Impact of n on the velocity profile. . . . . ... .. ... ... ... 68
Impact of n on the temperature profile. . . . . . . . .. .. ... .. 68
Impact of () on the temperature profile. . . . . . . . ... ... ... 69
Impact of Ec on the temperature profile. . . . . . . .. ... .. .. 69
Impact of R on the temperature profile. . . . . . . . ... ... ... 70
Impact of M on the velocity profile. . . . . . . ... ... ... ... 70
Impact of M on the temperature profile. . . . . . . .. ... .. .. 71
Impact of M on the concentration profile. . . . . . . . ... .. .. 71
Impact of Pr on the temperature profile. . . . . . . . . ... .. .. 72
Impact of Nb on the temperature profile. . . . . . . .. ... .. .. 72
Impact of Nb on the concentration profile . . . . . . .. ... .. .. 73
Impact of v; on the temperature profile. . . . . . . ... ... ... 73
Impact of v on the velocity profile. . . . . . . ... ... ... ... 74
Impact of v on the temperature profile. . . . . . . . ... ... ... 74



x1

4.20 Impact of v on the concentration profile.
4.21 Impact of Le on the concentration profile.



List of Tables

3.1
3.2

4.1
4.2

Results of (Rex)%Cf for various parameters . . . . . ... ... ... 34
Results of —(Rex)%lNux some fixed parameters ¢ = 0.1, K = 1.0
R=0.5 . . 35
Results of (Re,)2C; for fixed parameter v =7/3 . . . . ... ... 64
Results of —(Re,) 2 Nu, and —(Re,) 2 Sh, some fixed parameters
v=7/3,n=20K=10,Ec=02 Q=01 Nt=Nb=01 ... 65

Xil



Abbreviations

IVPs
MHD
ODEs
PDEs
RK

Initial value problems
Magnetohydrodynamics
Ordineary differential equations
Partial differential equations

Runge-Kutta

xiil



Symbols

W Viscosity
Density
v Kinematic viscosity
T Stress tensor
k Thermal conductivity
« Thermal diffisuitivity
o Electrical conductivity
U x-component of fluid velocity
v y-component of fluid velocity
By Magnetic field constant
ko Permeability constant
a Stretching constant
T, Temperature of the wall
Ty Ambient temperature of the nanofluid
T Temperature
pf Density of the fluid
Iy Viscosity of the fluid
Vs Kinematic viscosity of the base fluid

Pnyf Density of the nanofluid
ot Viscosity of the nanofluid

qr Radiative heat flux
q Heat generation constant
G Heat flux

X1v



Gm Mass flux

o* Stefan Boltzmann constant
k* Absorption coefficient

P Stream function

13 Similarity variable

Cy Skin friction coefficient

Nu Nusselt number

Nuy,, Local Nusselt number

Sh Sherwood number

Sh, Local Sherwood number

Re Reynolds number

Re, Local Reynolds number

10) Nanoparticle volume fraction
R Thermal radiation parameter
n Stretching parameter

M Magnetic parameter

K Permeability parameter

Ec Eckert number

Pr Prandtl number

Q Heat generation parameter
T Relaxation time parameter
Nb Brownain motion parameter
Nt Thermophoresis parameter
Y2 Chemical reaction parameter
L, Lewis number

Pf Density of the pure fluid

Ps Density of nanoparticle

Iy Viscosity of the base fluid

(pCp)s Heat capacitance of base fluid
(pCp)s Heat capacitance of nanoparticle

of Electrical conductivity of the base fluid



XVv1

IS e T TS
Qa0 L

Electrical conductivity of the nanoparticle
Thermal conductivity of the base fluid
Thermal conductivity of the nanoparticle
Dimensionless velocity

Dimensionless temperature

Dimensionless concentration

Ambient concentration

Concentration

Nanoparticles concentration at the stretching surface



Chapter 1

Introduction

The efficiency of speration of heat transfer is dependant on the functioning of
thermal conductivity of operating fluid, such as water, oil and ethyl glycol. If a
little portion of nanoparticles (such as C'u, Ag, TiO4 and AlyO3) is immersed into
a conventional fluid, a new category of fluids is obtained which is called nanoflu-
ids [1]. Nanofluids paved a new pathway to innovations in the improvement of the
characteristics of heat transfer. There is wide variety of nanoparticles which are
categorised according to their size, shape, thermal and electrical conductivity and
heat transfer abilities. They are made up of metals, carbides and oxides. Some are
named as nanofibers, nanowires, nanotubes and nanosheets [2]. Nanofluid has var-
ious applications in industrial devices, heat exchanger [3], drug delivery, medicines,
car radiators, cooling of heat exchanging equipments, transformer oil cooling, elec-
tronic cooling [4, 5]. The diameter of the suspended nanoparticle varies between
1 to 100nm. There appears a dramatic boost in the thermophysical properties of
the conventional fluid when the nanoparticle are suspended in it.

On account of the point mentioned above, Choi [1] introduced solid nanoparticles
into the operating conventional fluid with the target of forming a new class of fluids
that will have high thermal conductivity in contrast to the customany conventional
fluid. He designated the combination of nanoparticles and the conventional base
fluid as nanofluid. Xuan and Li [6] analyzed the combination of C'u nanofluid

and distilled water afterwards and mentioned that the thermal conductivity of the

1



Introduction 2

water-based C'u nanofluid is higher as compared with that of the distilled water
in a ratio approximately 1.24 to 1.78. Moreover, Choi et al. [7] figured that a
small inclusion of solid nanoparticles into conventional heat transfer liquid raises
the thermal conductivity of the conventional liquid by a percentage of 200.

In 2006, Buongiorno [8] presented a detailed discussion on convective transport
system in nanofluid. He encountered the fact that Brownian diffusion and ther-
mophoresis are the primary mechanisms for the improvement of heat transfer and
deduced that the immense fluctuations of temperature in the boundary layer zone
result in noticeable reducetion in fluid viscosity which as a consequence leads to a
rise in coefficient of heat transfer.

Tiwari and Das [9] in 2007, further devised a model for the examination of
nanofluid and heat transfer within a two-sided lid-driven square cavity and an-
alyzed the role of nanoparticle volume fraction. They emphasized on the prime
role of nanoparticle volume fraction for evaluating the impact of nanoparticles in
the fluid flow and rate of heat transfer. Yang et al. [10] mentioned that, the ther-
mal conductivity of nanofluid relies highly on nanoparticles volume fraction and
their different properties such as diameter and shape.

Khan and Pop [11] were the first to perform an experiment depicting the response
of nanofluid flow over a stretching sheet using Buongiorno’s configuration. They
came out with a conclusion that the rate of heat transfer is reduced with an in-
crease in the Brownain diffusion and thermophoresis parameters. With time, Rana
and Bhargava [12] added slight modifications to Khan and Pop’s [11] in original
experiment. They focused on the steady viscous nanofluid flow over a nonlin-
ear stretching sheet using finite element method (FEM). Their findings indicated
that an increase in the Brownain motion and thermophoresis parameters cause
an improvement in the thermal boundary layer thickness. Moreover, Hamad and
Ferdows [13] following Tiwari and Das model addressed the similarity solution
of viscous boundary layer flow of nanofluid over a nonlinear stretching surface.
Soon it was made clear that the presence of nanoparticles in the base fluid is ca-
pable of bringing about change in the pattern and behaviour of fluid flow based

on the impacts of nanoparticle and nonlinear stretching sheet parameter. The
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impact of radiation and variable wall temperature on nanofluid flow past a non-
linear stretching surface was investigated by Hady et al. [14]. According to them,
the temperature of the nanofluid is reduced with a rise in the nonlinear stretch-
ing sheet and radiation parameters. In the presence of a partial condition effect,
Das [15] again performed the same technique by taking account of the specified
surface temperature. His main finding was that increase in the nonlinear stretch-
ing sheet parameter and slip parameter causes a fall in the nanofluid velocity
and a rise in the thickness of the boundary layer. Khan et al. [16] observed a
three dimensional nanofluid flow past a nonlinear stretching sheet depicting the
4th and 5th order Runge-kutta methods. Malvandi et al. [17] demonstrated a
stagnation point nanofluid flow past a nonlinear stretching sheet with suction/in-
jection. They demonstrate that with the increased suction parameter, the heat
transfer rate rises and decreases with the increased blowing parameter. Khan and
Shehzad [18] worked on the effect of thermophoresis and Brownain movement on
third grade nanofluid and rate of heat transfer past an oscillatory dynamic sheet.
Many authors [19-24] have contributed generously to the vastness of study of elec-
trically conducting nanofluids covering the fields of engineering and technological
process such the plasma studies, MHD pumps, MHD generators and bearings.
Noteable considerations also include either the viscous dissipation, thermal radi-
ation or heat generation responses on the boundary layer flow of nanofluid and
the features of heat transfer rate embedded in porous medium. This method is
commonly used in oil reservoirs and geothermal engineering. Ahmad et al. [25]
analyzed the behaviour of MHD viscous flow over an exponentially stretching sur-
face with radiative effect in a porous medium. In the presence of thermal radiation
through a porous medium over a linear stretching sheet, Williamson fluid film flow
and heat transfer were examined by Shah et al. [26]. In their study, they noted
that an increase in the porosity parameter decreases the flow of thin films and that
the Lorentz force affects the flow of liquid film. Research regarding MHD bound-
ary layer flow of nanofluids in a porous medium were also put forth by Zeeshan et
al. [27]. Pal and Mandal [28] demonstrated the impact of thermal radiation and

heat generation on convective nanofluid flow through a stagnation point in a porous
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medium. Hybrid approach to numerically dissect the effects of viscous dissipation
on MHD boundary layer nanofluid flow over a nonlinear stretching sheet saturated
in a porous medium was triumphantly used by Rama and Chandra [29]. Haroun
et al. [30] devised the technique of spectral relaxation to examine the influence
of chemical reaction, viscous dissipation and radiation on MHD nanofluid flow in
a porous medium and found that velocity field is reduced with a rise in porosity
parameter, while an increase in porosity parameter also increases the temperature
distribution. On the same theme MHD nanofluid flow and rate of heat transfer
between porous medium and stretching sheet was examined by Geng et al. [31].
Further adding to the list, Patel [32] throughly studied homotopy analysis, the
influence of heat generation, nonlinear thermal diffusion, and cross-diffusion on an
electrically conducting Casson fluid saturated in a porous medium. He concluded
from his experience that with a decrease in the value of magnetic field, skin friction
can be minimized.

The chemical reaction can further be classified heterogeneous and homogenous
processes. In the case of the strong compound system, the reaction is heteroge-
nous. In most of the cases of chemical reaction processes, the concentration rate
depends upon the species itself as discussed by Magyari and Chamkha et al. [33].
Chamkha and Rashad [34] talked about the impact of chemical reaction on MHD
flow in the presence of heat generation or absorption of uniform vertical permeable
surface. Das [35] explained the impact of chemical reaction with radiation on the

heat and mass exchange along the MHD flow.

1.1 Thesis Contributions

The present survey is focused on the numerical analysis of MHD radiative nanofluid
flow with inclined magnetic field, Cattaneo-Christov heat flux, thermophoresis dif-
fusion, Brownain motion and chemical reaction. The proposed nonlinear PDEs are
converted into system of ODEs by applying similarity transformations. Further,
for finding the numerical results of nonlinear ODEs, shooting method is utilized.

The numerically obtained results are computed by using MATLAB. The impact
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of significant parameters on velocity distribution f/(£), temperature distribution
0(&) and concentration distribution h(§), skin friction coefficient C'f, local Nusselt
number Nu, and local Sherwood number Sh, have been discussed in graphs and

tables.

1.2 Layout of Thesis

A brief overview of the contents of the thesis is provided below.

Chapter 2 includes some basic definitions and terminologies, which are useful

to understand the concepts discussed later on.

Chapter 3 provides the proposed analytical study of MHD radiative nanofluid
flow in the porous medium induced by a nonlinear stretching sheet. The numerical
results of the governing flow equations are derived by the shooting method.
Chapter 4 extends the proposed model flow discussed in Chapter 3 by including
the impacts of inclined magnetic field, Cattaneo-Christov heat flux, thermophore-

sis diffusion, Brownain motion and chemical reaction.

Chapter 5 provides the concluding remarks of the thesis.

References used in the thesis are mentioned in Biblography.



Chapter 2

Preliminaries

This chapter contains some basic definitions and governing laws, which will be

helpful in the subsequent chapters.

2.1 Some Basic Terminologies

Definition 2.1.1 (Fluid)
“A fluid is a substance that deforms continuously under the application of a shear

(tangential) stress no matter how small the shear stress may be.” [36]

Definition 2.1.2 (Fluid Mechanics)
“Fluid mechanics is that branch of science which deals with the behavior of the

fluid (liquids or gases) at rest as well as in motion.” [37]

Definition 2.1.3 (Fluid Dynamics)
“The study of fluid if the pressure forces are also considered for the fluids in mo-

tion, that branch of science is called fluid dynamics.” [37]
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Definition 2.1.4 (Fluid Statics)
“The study of fluid at rest is called fluid statics.” [37]

Definition 2.1.5 (Viscosity)
“Viscosity is defined as the property of a fluid which offers resistance to the move-

ment of one layer of fluid over another adjacent layer of the fluid. Mathematically,

where p is viscosity coefficient, 7 is shear stress and g—Z represents the velocity

gradient.” [37]

Definition 2.1.6 (Kinematic Viscosity)
“It is defined as the ratio between the dynamic viscosity and density of fluid. It

is denoted by symbol v called nu. Mathematically,

2 [37]

UV =

SRS

Definition 2.1.7 (Thermal Conductivity)
“The Fourier heat conduction law states that the heat flow is proportional to the
temperature gradient. The coefficient of proportionality is a material parameter

known as the thermal conductivity which may be a function of a number of vari-

ables.” [38]

Definition 2.1.8 (Thermal Diffusivity)
“The rate at which heat diffuses by conducting through a material depends on the

thermal diffusivity and can be defined as,
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where « is the thermal diffusivity, k£ is the thermal conductivity, p is the density

and C), is the specifc heat at constant pressure.” [39]

2.2 Types of Fluid

Definition 2.2.1 (Ideal Fluid)
“A fluid, which is incompressible and has no viscosity, is known as an ideal fluid.
Ideal fluid is only an imaginary fluid as all the fluids, which exist, have some vis-

cosity.” [37]

Definition 2.2.2 (Real Fluid)
“A fluid, which possesses viscosity, is known as a real fluid. In actual practice, all

the fluids are real fluids.” [37]

Definition 2.2.3 (Newtonian Fluid)
“A real fluid, in which the shear stress is directly proportional to the rate of shear

strain (or velocity gradient), is known as a Newtonian fluid.” [37]

Definition 2.2.4 (Non-Newtonian Fluid)
“A real fluid in which the shear stress is not directly proportional to the rate of

shear strain (or velocity gradient), is known as a non-Newtonian fluid.

Definition 2.2.5 (Magnetohydrodynamics)
“Magnetohydrodynamics(MHD) is concerned with the mutual interaction of fluid

flow and magnetic fields. The fluids in question must be electrically conducting
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and non-magnetic, which limits us to liquid metals, hot ionised gases (plasmas)

and strong electrolytes.” [40]

2.3 Types of Flow

Definition 2.3.1 (Rotational Flow)
“Rotational flow is that type of flow in which the fluid particles while flowing along

stream-lines, also rotate about their own axis.” [37]

Definition 2.3.2 (Irrotational Flow)
“Irrotational flow is that type of flow in which the fluid particles while flowing
along stream-lines, do not rotate about their own axis then this type of flow is

called irrotational flow.” [37]

Definition 2.3.3 (Compressible Flow)
“Compressible flow is that type of flow in which the density of the fluid changes
from point to point or in other words the density (p) is not constant for the fluid,

Mathematically,
p#k,

where k is constant.” [37]

Definition 2.3.4 (Incompressible Flow)

“Incompressible flow is that type of flow in which the density is constant for the
fluid. Liquids are generally incompressible while gases are compressible, Mathe-
matically,

p =k,

where k is constant.” [37]
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Definition 2.3.5 (Steady Flow)
“If the flow characteristics such as depth of flow, velocity of flow, rate of flow at
any point in open channel flow do not change with respect to time, the flow is said

to be steady flow. Mathematically,

9Q
o Y

where @ is any fluid property.” [37]

Definition 2.3.6 (Unsteady Flow)
“If at any point in open channel flow, the velocity of flow, depth of flow or rate of

flow changes with respect to time, the flow is said to be unsteady. Mathematically,

9Q

5%07

where @ is any fluid property.” [37]

Definition 2.3.7 (Internal Flow)

“Flows completely bounded by a solid surfaces are called internal or duct flows.” [36]

Definition 2.3.8 (External Flow)
“Flows over bodies immersed in an unbounded fluid are said to be an external

flow.” [36]

2.4 Modes of Heat Transfer

Definition 2.4.1 (Heat Transfer)
“Heat transfer is a branch of engineering that deals with the transfer of thermal

energy from one point to another within a medium or from one medium to another
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due to the occurrence of a temperature difference.” [38]

Definition 2.4.2 (Conduction)
“The transfer of heat within a medium due to a diffusion process is called conduc-

tion.” [38]

Definition 2.4.3 (Convection)
“Convection heat transfer is usually defined as energy transport effected by the
motion of a fluid. The convection heat transfer between two dissimilar media is

governed by Newtons law of cooling.” [38]

Definition 2.4.4 (Thermal Radiation)
“Thermal radiation is defined as radiant (electromagnetic) energy emitted by a

medium and is solely to the temperature of the medium.” [38]

2.5 Dimensionless Numbers

Definition 2.5.1 (Eckert Number)
“It is the dimensionless number used in continuum mechanics. It describes the
relation between flows and the boundary layer enthalpy difference and it is used

for characterized heat dissipation. Mathematically,

where C, denotes the specific heat.” [36]

Definition 2.5.2 (Prandtl Number)

“It is the ratio between the momentum diffusivity v and thermal diffusivity a.
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Mathematically, it can be defined as

where p represents the dynamic viscosity, C'p denotes the specific heat and k
stands for thermal conductivity. The relative thickness of thermal and momentum
boundary layer is controlled by Prandtl number. For small Pr, heat distributed

rapidly corresponds to the momentum.” [36]

Definition 2.5.3 (Skin Friction Coefficient)
“The steady flow of an incompressible gas or liquid in a long pipe of internal D.
The mean velocity is denoted by wu,. The skin friction coefficient can be defined
as

279

Cy =

2
P,

where 7y denotes the wall shear stress and p is the density.” [41]

Definition 2.5.4 (Nusselt Number)

“The hot surface is cooled by a cold fluid stream. The heat from the hot surface,
which is maintained at a constant temperature, is diffused through a boundary
layer and convected away by the cold stream. Mathematically,

Nu = 1=
YR

where ¢ stands for the convection heat transfer, L for the characteristic length and

k stands for thermal conductivity.” [42]

Definition 2.5.5 (Sherwood Number)

“It is the nondimensional quantity which show the ratio of the mass transport by
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convection to the transfer of mass by diffusion. Mathematically:

kL
h="2
Sh=5

here L is characteristics length, D is the mass diffusivity and £ is the mass trans-

fer” coeffcient.” [43]

Definition 2.5.6 (Reynolds Number)
“It is defined as the ratio of inertia force of a flowing fluid and the viscous force
of the fluid. Mathematically,

Re = —,

v

where U denotes the free stream velocity, L is the characteristic length and v

stands for kinematic viscosity.” [37]

2.6 Governing Laws

Definition 2.6.1 (Continuity Equation)
“The principle of conservation of mass can be stated as the time rate of change
of mass is fixed volume is equal to the net rate of flow of mass across the surface.

Mathematically, it can be written as

Op ,
N + V.(pu) =0.” [38]

Definition 2.6.2 (Momentum Equation)
“The momentum equation states that the time rate of change of linear momentum
of a given set of particles is equal to the vector sum of all the external forces acting

on the particles of the set, provided Newtons Third Law of action and reaction
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governs the internal forces. Mathematically, it can be written as:

%(pu) + V.[(pu)u] = V.T + pg.” [38]

Definition 2.6.3 (Energy Equation)
“The law of conservation of energy states that the time rate of change of the total
energy is equal to the sum of the rate of work done by the applied forces and

change of heat content per unit time.

dp

BT +V.pu=-V.q+Q+ ¢,

where ¢ is the dissipation function.” [38]

2.7 Shooting Method

To elaborate the shooting method, consider the following nonlinear boundary value

problem.

fi(x) = f(a)f'(x) + 2% () 2.1)

To reduce the order of the above boundary value problem, introduce the following

notations.
f=v1 f=yl=Y [f=Y (2.2)
As a result, (2.1) is converted into the following system of first order ODEs.

Y] =Y5, Y1(0) =0, (2.3)

Yy = iY; + 2V, Y(0) = w, (2.4)
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where w is the missing initial condition which will be guessed.
The above IVP will be numerically solved by the RK-4 method. The missing

condition w is to be chosen such that.

Yi(G,w) = J. (2.5)

For convenience, now onward Y;(G,w) will be denoted by Y;(w).

Let us further denote Y)(w) — J by H(w), so that

H(w) = 0. (2.6)

The above equation can be solved by using Newton’s method with the following

iterative formula.

or

ow

To find 8Yg(;”n), introduce the following notations.

Y] 0Ys
o =Y 5o =Y (2.8)

As a result of these new notations the Newton’s iterative scheme, will then get the

form.

Wt =g — L (2.9)
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Now differentiating the system of two first order ODEs (2.3)-(2.4) with respect to

w, we get another system of ODEs, as follows.

Y] = Vi, i(0)=0. (210

Y =Y3Ys + V1Y) +4Y1Y;, Y3(0) = 1. (2.11)

Writing all the four ODEs (2.3), (2.4), (2.10) and (2.11) together, we have the

following initial value problem.

Y] =Y, Y1(0) = 0.
Yy = YiYs + 2Y7, Y5(0) = w.
Yy =Yy, ¥3(0) = 0.
Y] = Y3Y; + Y1V, 4 4Y1Y3, Yy(0) = 1.

The above system together will be solved numerically by Runge-Kutta method of
order four.

The stopping criteria for the Newton’s technique is set as,

| Yi(w) — J |<eE,

where € > 0 is an arbitrarily small positive number.



Chapter 3

MHD Radiative Nanofluid Flow
in the Porous Medium Induced

by a Nonlinear Stretching Sheet

3.1 Introduction

In this chapter, consideration has been given to the numerical analysis of MHD
nanofluid flow past nonlinear stretching sheet, saturated in a porous medium in the
presence of magnetic field, heat generation and thermal radiation. The governing
nonlinear PDEs are converted into a system of dimensionless ODEs by utilizing the
appropriate transformations. In order to solve the ODEs, the shooting technique
is implemented in MATLAB. At the end of this chapter the numerical solution
for various parameters is discussed for the dimensionless velocity f’(£) profile and
temperature distribution 6(¢). Investigation of obtained numerical results are
given through tables and graphs. This chapter provides a detailed review of the
work presented by Jafar et al. [44].

17
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3.2 Mathematical Modeling

A 2D MHD flow of nanofluid past a nonlinear stretching sheet with y = 0 has been
investigated. The flow is considered along y-axis with y > 0. It is assumed that
the variable stretching velocity, the variable magnetic field and the variable perme-
ability of the porous medium of the nanofluid flow are U, (z)=az", B(z)=Byx*"!
and k(z)=kox" ! and respectively [29]. The fluid’s layer along the stretching sur-

2n—1

face is maintained at a temperature of T,,=T,, + bx , where n is the surface

temperature parameter, and T, is the nanofluid’s ambient temperature.

hY -0, T-T

Porous medium

Thermal boundary layer

Momentum boundary layer

> XU

Nanoparticles

FIGURE 3.1: systematic representation of physical model.
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The set of equations describing the flow are as follows.

ou Ov

2 27 1
9t oy = (3.1)
ou  Ou 0*u finf 5

Pnf (U% + Ua—y) = Hnf (0_y2> O ong B (2)u, (3.2)
WL + SNV 2 + a el Y4,
oz "9y (pCy)ay \ Oy "\ | (0Cy)ar \ Oy

q
+ T—-T,). 3.3
(pcp>nf( ) (33)

The associated BCs have been taken as.

u="U,(r)=ax", v=0, T=T,=Tsx+bx* at y=0,
(3.4)
u—0, T—=T,, as y— oo.

In the above model, z is the direction around the sheet, the direction perpendicular
to the sheet is y, u and v are the xy-direction horizontal and vertical velocity.
Where the radiative heat flux and heat generation constants are ¢, and q.

The radiative heat flux is given by

do* OT*
3k* Oy’

qr =

where o* is the Stefan-Boltzman constant and £* is the absorption coefficient. If
the temperature difference is very small, then the temperature 7% can be expanded

about T, using Taylor series, as follows.
T =Ty +4T2 (T — Too) + 612 (T — Too)* + ...
Ignoring the higher order terms, we have

T =TY +473 (T — T.),
T =T +AT3T — 4T2
T = —3TL +4T2 T,

T = 4T3 T — 3T%.
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The thermophysical properties of nanofluid are formulated as [9, 13, 45]:

Q¢ = —kf
nf (pcp)nf’

pug = (1= ®)ps + ps,

Hnf = (1_11#;

(pcp)nf =(1- ?b)(pcp)f + gb(pCp)s,
kng (ks + 2kf) — 2¢(ky — k)

kp o (ko +2kp) + oy — ks) 7
Inf _q 4 3(?;_1)¢

oy (g—;+2)—<g—;—1)¢'

The following notations have been defined:

Ay = (1-9)*?,
A2:1—¢+¢&,
Pr
3(5-1)0
)G

Ay = kk—’;f<1+§R>,

= (1o eefiy)

Fc
e (2)

For the conversion of the mathematical model (3.1)-(3.3) into the system of ODEs,

A3:1+

the following similarity transformation was used by [44].

it T-T,
Uy) = 2T 1), 0(6) = 2

no1 n—+1)a
§:$2y u

i

21/f

where ¢ denotes the stream function.

The detailed procedure for the conversion of (3.1)-(3.3) into the dimensionless
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form has been discussed below.

_ o
u = a—y,
ou 0 oY
or Oz \ 9y )’
oy 0 2vpa ni1
8_y 8_y< n+1$ f(§)>7
B 21/fa nTl / %
85 a(n+1) anl
8y N 21/f . ’
_ [2vpa na, (n+1) na
= n——i—laj f(€) 2u; )
=" f6),
u=az"f(&). (3.6)
ou 0 L
e %( f(&)z"),
= a3 (F€)")

=a (nx”lf/(f) nf”(f)a—5

nlf _|_l,nf// Tl—l "7

B 2vpa n+1 not1 2vsa CIERY 43
__(\/n+1 SRR P f@ax>’

2upa (n+1 nt nil %3
n+1( Lo () +a f(é)@x>,
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“ad (nﬂf"?f(f)H:”a“f'(f)y oy (n_l)m>

n+1 2 2vy

2 L na ntl |, —1\ _
= - n”jf‘l(”; z f<§>+:v2f<f>£(”2 )a:)

— Qﬁ( jlf<£>+f<£>£(";1)>,
()

n—i—l)l/faf, (n—l))

v n+
T
o

7
} n+1
: (rt6 ( 1)ero). (5.5)
=% [ e (g + (257) sf(&))] ,
_ ey [ D O+ (551 erog+ (27) f’(f)g—j],
=7 \/W _f’(£)+ (ZI)U”@ n f”%"?
)

O () ) e e

) (f’(f) + (Z; 1) §11(©) + (Z—;) f’(&)) :
_ _gxnfl (f(O)n+1)+ (n—1EF(E) + (n—1)f'(E)),

_ _gxn—lf'(g)(n tl4n—1)— ga:"_l(n —1)Ef"(6),

= —5a" 20 f() = 2" (n = VEF(),

a n-1
—_ —— n 1
5T (n+

Equation (3.1) is easily satisfied by using (3.7) and (3.9), as follows

Tt o= arinf )+ () 647160 - e )
—ax™ ! (n ; 1) £7(6),
ou  Ov _0. (3.10)

oz oy
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Now, for the momentum equation (3.2) the following derivatives are required.

ou 0
i ay(aw”f (©).
= aa—y(fﬂ”f’(f)),
— " )5
0 -
oy =" @) —C”(Z:; prst, (3.11)
2
% — ax fm(f) (n+ 1) ool (95
. ,,, n + 1 n-1 1 n —|— 1
- 21/f
g;‘ a22"1f”@)(2;1) (3.12)
0 _
Gt =o' (©) (g + (M5 ) 679).
_ a2x2n—lnf/2<£> + CL2£L'2n 1 (nT_l) 5f/<£>f//(£) (313)

s <€f( ( ) 1) ( \/T”x)
ﬁ e
W F

a?(n+1) 5, 1
T2 T <n+1>

Using (3.13) and (3.14) in the left side of (3.2) becomes

0 0 -
s (v 03] = pnf( () + e (1) 5f’<§>f"<§>>

),

a2(n +1) on—1

R O]
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— pg a2 fR(E) + pryata®! (” - 1) ()1 (€)

o D nrg ) (" . 1)

A (GIK )

= oy (az=ing(e) - O o)) )
= pugae = () - (1) 5019)) (3.15

Using (3.6) and (3.12), in the right side of (3.2) becomes,

92 . n—1 pm 1
o) - rarn- e (oo (52

- frhaa” £1(€) = 0. B (w)aa £ (6)

= fUns (Cl2l‘2n_1fm(£) (n + 1) ) Hn f CLZL‘nf/(g) o UnfBgax3n_1f/(€)- (316)

21/f B k’oﬂfl*n

Comparing (3.15) and (3.16), the dimensionless form of (3.2) can be written as.

%—f‘ @ — @ _ _ 32()
Pri\ "oz T 0y ) T \oy2) T k@)t O

pnyaa ! (n 12(6) - (” - 1) f<»:>f“<5>) = tingae” L f"(€) (" : 1)

21/f

ILLnf n n—
— i 1(€) = oy Biar F(€),

2 ((2) 120 - 10r© ) = 0

f,unf n+1

2 Ve . Uanfngn ,
(57 (aro+ 222 ).

£() + (1 — ) (1 — o+ ¢Z—f) (f(f)f”(f) - ( 2 ) f’2(£)>

n+1
2
n—1

K+M<1_¢)25 (1_|_ 3(%_1>¢ >:| f’(f)zo
( )¢ |
F€) + A, (f(é)f”(&) -(:24) f’2(€)>

&4_2)_(&_1
af af

2 , B
- (n - 1) (K + MAA;s) f(€) = 0. (3.17)
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Now, for the conversion of energy equation (3.3) the following derivatives are

required.

As in equation (3.5)

T—T,
) = 7o
T = 0(¢)(Ty — T) + The.
or NG
= (T - T (O

%3 a(n+1) nos (n—1
or Y 2uy v 2 )

= (T — Too)y aln +1) 2z (” 5 1) 0'(€).

21/f

ar N
— = (T, —Ty)0 -,
S5

- (Tw - Too) a(z; 1)an_19/(§)
T a(n+1) a1, 0§
a_yg - (Tw - Too) 2Vf T 0 (g)a_y7
82T o a(n + 1) n—1p/
o (Ty — Tw) (T) 2" 0"(§).

(%ﬁg<mﬁf¢§%§§ﬂ@0<

(%) — a2x3n71a(n+ 1>f”2<£>-

8y 21/f
B 4o* OT*
&= "3k oy’
4o* O
= ———— (4T3 T — 3T%).
40* 0
= ———— (4T3 7).
q e ay( wT)
qr = _160-*To308_T
3k* dy

da, _ 160", O*T

oy 3k* X Oy?’

0qy, _ 1607 T3 o1 a(n+1)
8y 3kx > 2l/f

(T - TOO) = (Tw - TOO>9(£)-

(Tw - TOO>9,/<§)-

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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Using (3.18) and (3.19) in the left side of (3.3), we get

ua_T + va—T = az"f'(§) {(Tw —Ty) (n2;1

or oy
(257)ero+ 1)

or  oT o1 (n—|— 1

ugy F g, =0 . ) (T — Too) F(E)'(€). (3.24)

Using (3.20)-(3.23) in the right side of (3.3), we get

2
0*T Unf ou 1 aQT q
a, + + — (T — T

oy " (0Cp)ug (811) Chns 0y * (0Ol )

= a QZ” 1 a(n+ 1 9//
nf 21/f

__Hnf a2 3n—1 a n + 1 //2
(PCP)ng

1 160*T3, B . aln+1)\ ,,
+(p0p)n< g (e T ( 2vy >0<£)>

q
(PCp)ny

2l/f

_|_

(Tw — To)0(). (3.25)

With the help of (3.24) and (3.25), the dimensionless form of (3.3), is obtained.

(T_TOO>7

ua—T—l—va—T—a 82T+ Enf @ 2— ! aqT%—L
ar oy oy (0Cp)s \ By (0CP)uy Oy (pCp)ny
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—a (M) - T@f(f)e’(@} = o () (- o)

21/f

gy (e T (N ) re).
Y

_i " 'unf a2x2n 112
FOO =010 + ol — ((Tw_TOO))f (©

1 16073 q 2vyf
o' 0
(PCP)nsang ( 3k ) @ (PCp)nyangaz”! (” + 1) )

_l’_

160*T (pcp)nfl/f / :unfa2$2n "
(12070 i)+ LR i)+ Lot e
_l’_

1 ( 2 )9(5)=0,

knrazn—t \n+1

k 1 (p0p>nf i / 'unfa2x2n 12
T <1+ R>9(§) Tf(ﬁ)e(f) mf €3]

q vy
9(€) —
+kfa:v”—1 (n—l—l) (&) =0,
pCp)s

ko 4\ vi(pCp)s (1 — o+ ¢(pc*p)f) :
L (14 3R) 19) + P ()

Mfa2x2n "2 qrvy ( 2 ) B

kny p (1 (pCp)s
' <1+33)9(§)+P (1 ¢+¢( Co);

FEec " 2 B
+Pr<(1_¢)2.5)f (£)+Pr(n+1)Q9(§)—0,

A" (&) + PrAsf(€)0'(€) + PrAgf™(€) + Pr (ni

) FO0(E)

1) QO(€) = 0. (3.26)

The corresponding BCs are transformed into the non-dimensional form through

the following procedure.

u=U,(x) = ax", at  y=0.
=  u=af'(§)z".
= af'(§) = aa”
= (¢ =1, at  £=0.
= f(0)=1.
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v =0, at  y=0.
2 1 -1
= a2 ("; )f(é) —ax"‘@(" > )f’(f) =0,
at £=0
= T “”f(g“)f(())_o, )
= f(0)=0
T=1T,, at y=0.
= 0 (Ty —Tx) + Tow =T,
= 6(§>(Tw - TOO) - (Tw - T00>7
= 0 =1, at £=0
= 0(0)=1.
u— (O>’ as Yy — OoQ.
= af(§z" —(0),
= az"f(§) = (0),
= (& — (0), as & — oo.
= f(0) =0
T — Ty, as Yy — oo
= 0Ty —Tx)+ Too — T,
= 0 (Ty—Tx)—0 as & — oo.
= 0 — as & — oo.
= f(o0) —
The final dimensionless form of the governing model, is
n " 2” !
(6 + A1y <f(§)f ©- () f2(€)>
2
— (n+1>(K+MA1A3)f’(§) =0. (3.27)
A0 (&) + PrAsf(6)0'(€) + PrAgf™(€) + Pr (n 2 )Qe(g) =0. (3.28)

+1
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The associated BCs (3.4) in the dimensionless form are,

f(0y=0, f(0)=1, 0(0)=1.
f(00) =0, 6(c0) = 0.

(3.29)

Different dimensionless parameters used in equations (3.27) and (3.28) are formu-

lated as follows.

M — JfBgl K=Y _ 40‘*T§’07

prax= ako ko p K

vy U? qx
Pr=—  FEc= < ,

ay (¢p) (T — Tio) (pep) sU.

The skin friction coefficient, is given as follows.

Tw| =0
C, = Y . 3.30
' @) (3.30)

To achive the dimensionless form of C; the following steps will be helpful.

Since

ou
Tw - ,unf (8_y)y07 <331)
1 ou
Cty = ———
e U™ (ay)

Cr = ;Mnf ( a"f(€)x"T m) 7

pratx?" 2up

1
Cy = 2.2 (ax 1) (n—l— Ja );
pfaxnl— 2vy

l/pazx T (n+1)
Cy = ﬁil_ \/ e
pra*x

RefCy = — ,(”‘2” ), (3.32)
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vf

where Re denotes the Reynolds number defined as Re =

Local Nusselt number is defined as follow.

LGuw

Ny, = — 4w
U (T — Too)

(3.33)

To achive the dimensionless form of Nu,, the following steps will be helpful.

16013 0
— | _ o0 - .34

Since

o* 3
T (knf + 163k§”> 8—2 o
Nu, = — v=
ki(Tw —T) ’
160*Ts5,
N z (knf + ) <8T)
Uy = A 5
kf<Tw - TOO) y y=0
z (kg + 16§kT§°> (n+1)a\?
Nu, = (T, — T)0'(€),
! kf(Tw - TOO) < 2Vf ) ! ( ) (O
[ 4 am+1) s,
=——(1+= 0
oL (14 30) a0
k. 4 n+1 axntl
L N I o
4 1 1
. (1 + —R) " () Rez,
g 3 2
1
-1 ky, 4 1\’
Re;? Nu, = _Inf <1 + §R> (n; ) 0'(€). (3.35)
f

3.3 Numerical Method for Solution

The shooting method has been used to solve the ordinary differential equation

(3.27). The following notations have been considered.
=2, [f'=2Z =2, "=V =Z,=Zs, " =21

3(z-1)¢
A= (1-¢)*, A2:1—¢+¢&> Az =1+ (Uf )

o M) e
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As a result the momentum equation is converted into the following system of first

order ODEs.

Zé — Zg, ZQ(O) - 1
, 2n 9 2
ZS = —A1A2 leg - n + 1 Z2 + n——|—1 (K —|— MA1A3>ZQ, 23(0) = p

The above IVP will be numerically solved by RK-4. The missing condition p is to

be chosen such that.

ZQ(&OOvP) = O

Newton’s method will be used to find p. This method has the following iterative

scheme.

i Palen)
aip(Z2(£omp))

We further introduce the following notations,

As a result of these new notations the Newton’s iterative scheme gets the form

nit _ oo _ 226 p)
b b Z5(§o<>7p)'

Now differentiating the system of three first order ODEs with respect to p, we get

another system of ODEs, as follows.

Zjl — 257 Z4(0) — 0

2
Zg = —A1As (ZIZG + 2324 — ( " ) 22225)
n+1

2
+ (n+ 1) (K + MAA3) Zs, Zs(0) = 1.
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The stopping criteria for the Newton’s technique is set as.

| 22(500717) |< €,

where € > ( is an arbitrarily small positive number. From now onward € has been
taken as 10710,
The equation (3.28) will be numerically solved by using shooting method by as-

suming f as a known function. For this we utilize the following notions.

0=Y,, 0=Yy 0 =Y

kg 4 B (pCp)s B Ec
A=y <1+3R)’ AR e N

As a result, the energy equation (3.28) is converted into the following system of

first order ODEs.

Y/ =Ya, Yi(0) = 1.

yy= 1" (Asz2 - A+ (i) @Y1>, Y2(0) = g.

Ay n+1
The above initial value problem (IVP) will be numerically solved by RK-4 tech-
nique. In the above initial value problem, the missing condition ¢ is to satisfy the

following relation.

Yl(goov q) = 0.

The above equation can be solved by using Newton’s method with the following

iterative formula.

qn+1 _n Zl(&ooa‘])

q_—

Z1(loor @)

We further introduce the following notations,

oY, Y,
8q 3 aq 4
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Now differentiating the system of two first order ODEs with respect to ¢, we get

another system of ODEs, as follows.

P 2
Y] = —A—: <A5fY4 + (n—H) QYs), Yi(0) = 1.

The stopping criteria for the Newton’s method is set as.

| Yi(£, q) |[< 10710

3.4 Representation of Graphs and Tables

A thorough discussion on the graphs and tables has been conducted which contains
the impact of dimensionless parameters on the skin friction coefficient (Rex)%C'f
and local Nusselt number (Reac)_TlN u,. Table 3.1 explains the impact of nonlin-
ear stretching parameter n, magnetic parameter M, nanoparticle volume fraction
¢ and permeability parameter K on (Rem)%Cf. For the rising values of ¢, the
skin fraction coefficient (Rez)%Cf decreases. In Table 3.2, the effect of significant
parameters on local Nusselt number (Rem)%lN u, has been discussed. The rising
pattern is found in (Rex)%lN u, due to increasing values of n.

Figures 3.2-3.5 reflect the behaviour of the velocity profile f'(£) and temperature
profile () for different values of ¢ with and without M.

Figures 3.6 and 3.7 show the impact of K. For the rising values of K, the velocity
profile f'(§) decreases and the temperature profile §(§) increases

Figures 3.8 and 3.9 represent the impact of n on f’(§) and 6(£). It can be ob-
served from Figure 3.8 that the velocity profile increases for larger values of n.
This increment in the non-dimensional velocity of stretching is due to the greater
value of n and helps to cause more liquid deformation. As the value of n increases,
the momentum boundary layer becomes thicker, whereas with an increase in n, a
reduction in the temperature profile is observed, leading to an increase in the heat

transfer.
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Figure 3.10 illustrates the impact of heat generation ¢ on 6(&). It is observed
that for the rising values of @), more heat is generated, because of this #(§) and
boundary layer thickness increases.

From Figure 3.11, it can be seen that by increasing the values of Eckert number
FEc, the temperature profile also increases. Figure 3.12 shows the impact of ther-
mal radiation R on (). In this graph it is observed that on the rising values of R,
the temperature profile 6(§) also increases. So, rate of heat transfer decreases with
increase in thermal radiation R, because of that temperature profile §(§) increases.
Figure 4.13 displays the impact of M on the velocity distribution. By rising the
values of M, the velocity distribution shows the decreasing behavior due to the
presence of Lorentz force. Figure 4.14 describes the impact of M on the temper-
ature distribution. The temperature distribution expands by rising the values of
M. Figure 3.15 shows the influence of Prandtl number Pr, on 6(§). The rising

values of Pr, the temperature profile 0(&) is decreased.

TABLE 3.1: Results of (Rex)%Cf for various parameters

¢ n M K (Rey)2C}
0.0 2.0 2.0 1.0 -2.197435
0.1 2.0 2.0 1.0 -3.071673
0.2 2.0 2.0 1.0 -4.176089
0.1 1.0 2.0 1.0 -2.738772
0.1 3.0 2.0 1.0 -3.371334
0.1 7.0 2.0 1.0 -4.367344
0.1 2.0 1.0 1.0 -2.774333
0.1 2.0 3.0 1.0 -3.342529
0.1 2.0 4.0 1.0 -3.342529
0.1 2.0 2.0 0.0 -2.781840
0.1 2.0 2.0 2.0 -3.336290
0.1 2.0 2.0 3.0 -3.581328

0.1 2.0 2.0 4.0 -3.810591
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TABLE 3.2: Results of —(Rew)_TlNuz some fixed parameters ¢ = 0.1, K = 1.0

R=05
n M Q Ec Pr —(Re,)® Nu,
2.0 2.0 0.1 0.2 6.2 0.518692
3.0 2.0 0.1 0.2 6.2 0.928781
4.0 2.0 0.1 0.2 6.2 1.258709
5.0 2.0 0.1 0.2 6.2 1.540036
7.0 2.0 0.1 0.2 6.2 2.012070
8.0 2.0 0.1 0.2 6.2 2.217215
2.0 0.0 0.1 0.2 6.2 1.197220
2.0 1.0 0.1 0.2 6.2 0.837433
2.0 2.0 0.1 0.2 6.2 0.518692
2.0 3.0 0.1 0.2 6.2 0.231713
2.0 4.0 0.1 0.2 6.2 -0.029851
2.0 5.0 0.1 0.2 6.2 -0.270517
2.0 2.0 0.0 0.2 6.2 0.901739
2.0 2.0 0.1 0.2 6.2 0.518692
2.0 2.0 0.2 0.2 6.2 0.051935
2.0 2.0 0.3 0.2 6.2 -0.563865
2.0 2.0 0.4 0.2 6.2 -1.504916
2.0 2.0 0.1 0.0 6.2 2.168818
2.0 2.0 0.1 0.1 6.2 1.343755
2.0 2.0 0.1 0.2 6.2 0.518692
2.0 2.0 0.1 0.3 6.2 -0.306370
2.0 2.0 0.1 0.4 6.2 -1.131433
2.0 2.0 0.1 0.5 6.2 -1.956497
2.0 2.0 0.1 0.2 3.0 0.470148
2.0 2.0 0.1 0.2 4.0 0.474044
2.0 2.0 0.1 0.2 5.0 0.492361
2.0 2.0 0.1 0.2 7.0 0.533803

2.0 2.0 0.1 0.2 9.0 0.553315
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FIGURE 3.3: Impact of ¢ on 0(&) for M = 0.
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FIGURE 3.6: Impact of K on the velocity profile.
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F1GURE 3.7: Impact of K on the temperature profile.
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F1GURE 3.9: Impact of n on the temperature profile.
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F1GURE 3.11: Impact of Fc on the temperature profile.



MHD Radiative Nanofluid

0.9

0.8

0.9

0.8

=2.0, n=2.0, Q=0.1, Ec=0.2,

Pr=6.2, K=0.25,$=0.05

R=0.0
R=0.2
R=0.5
R=1.0

0.5

2

3

25

3.5

FiGURE 3.12: Impact of R on the temperature profile.
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F1GURE 3.13: Impact of M on the velocity profile.
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F1GURE 3.15: Impact of Pr on the temperature profile.




Chapter 4

MHD Radiative Nanofluid Flow
with Cattaneo-Christov Heat
Flux and Concentration with

Chemical Reaction

4.1 Introduction

This chapter contains the extension of the model [44] by considering aligned mag-
netic field in momentum equation. The Cattaneo-Christov heat flux, thermophore-
sis diffusion and Brownian motion are also included in the temperature equation.
Furthermore concentration equation is also taken into account along the with
chemical reaction. The governing nonlinear PDEs are converted into a system of
dimensionless ODEs by utilizing the similarity transformations. The numerical
solution of ODEs is obtaind by applying numerical method known as shooting
method. At the end of this chapter, the final results are discussed for significant
parameters affecting f'(¢£), 0(£) and h(§) which are shown in tables and graphs.

43
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4.2 Mathematical Modeling

hY -0, I-I,, C-C,

Porous medium

s Concentration boundary layer

' Thermal boundary layer

\ Momentum boundary layer

> XU

Nanoparticles

FIGURE 4.1: Geometry of physical model.

It is aimed to analyse the 2D, MHD flow of nanofluid past a nonlinear stretching
sheet and porous medium. The flow occupied the space y > 0. Magnetic field
of strength B is applied with an inclination angle v with the horizantal axis.
Furthermore z-axis is taken in the direction of flow and y-axis normal to it. Energy
transport analysis is also carried out in the presence of thermal radiation, viscous
dissipation and Cattaneo-Christov heat flux. Moreover, the concentration of flow
is discussed with the help of concentration equation under the effect of chemical

reaction.
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By considering the above assumptions, the governing PDEs are.

ou  Ov
— 4+ —=0 4.1
Oz * oy ’ (4.1)
ou  Ou 0%u L, ,
P (U% + a—y> = [ing (0_y2> - k,(xf)u — 05y B2 () sin’ (7)u, (4.2)
a_T+ a_T A @aT_F @a_T_}_ @a_T_|_ %3_T+2m) 82T
Yor Y dy Yor ox U@y oy Yor dy U@y ox 0x0y
2
o*T o*T O*T L f ou 1 dq,
+ u? + 0P| = ay, + — | -
T ( ay?) (0Cp)ns <3y) (0Colns ( 9y
q 9C AT  Dr (3T’
T-T, Dp——+ — | — 4.3
+ oo (T =T+ ( a5+ w(ay) , (43)
oC oC 02C Dy \ 0*T
— 4+ v— =Dp—— — | =— - K, (C - C,). 4.4
u8x+vay Bay2+< )8y2 ( ) ( )

The associated BCs have been taken as.

u=U,(z)=az", v=0, T=1T, C=C, at y=0.
(4.5)

u—0, T—->T, C—>0Cx as y— .

Following similarity transformation has been used to convert PDEs (4.1)-(4.4) into

W) = L 1 (6),
a(n + ].)x'anl
2vy ’ (4.6)

T-Ts
T

system of ODEs.

§=y
0(&) = :
O=Cx

— Cy )

where 1 stands for the stream function, £ denotes the similarity variable, f, 0,

(&) =

T —
T’LU oo
C
Cu

and h are the dimensionless velocity, temperature and concentration.
The detailed procedure for the conversion of (4.1) has been discussed in chapter

3.

@+8v
or oy
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Now, I include the below procedure for the conversion of (4.2) into the dimension-

less form.
o
u = a—y,
0 2Vfa g1
u= 8y< 2t f(§)>,
u=az"f (). (4.8)
_ %W
v = —%,
0 2upa s
o=y (M5 ) 0 - (U50) | 2L pe) (1.9)
(az" f€)
u? = alxr® fE (4.10)

2

v = (—x"-laf’@)y (“;1> — j”fl (”; 1) a:"zlf(f)) ,
N2

V2 = a2 2y? <n . 1) f/2(£> 1 (n + 1) (Sﬁal) ©)

ey () () 22 o (1.11)

The complete procedure for the conversion of (4.2) discussed in chapter 3.

F"(€) + A1 Ay (f(&)f”(é) - ( 2N )f%))

n+1

n —

Now, we include below the procedure for the conversion of equation (4.3) into the

dimensionless form. The (4.13)-(4.20) we have already derived in chapter 3.

0 3n—3 -1 1
6_2 = ax2y<n 2 > (n;Vf )af”(f) + naz™ ' (). (4.13)

ou a1 [(n+1)a

3=\ e, @ o
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O _ ws [(n—1 (n+Ya,, ,
=1 y( 5 ) 2, (T — Too)0' (). (4.15)
0*T —1 ’ 1
w _ x"_3y2 (n 3 ) CL(T;:; >(Tw . Too)ell<€)
ns (n—1)(n—3 (n+1)a ,
B T e
g_T — " (n2—i——1)a(Tw — T.)0'(&). (4.17)
Y Ve
0T _ 10D g, 1 o). (4.18)
63/2 2Vf
T nos (n—1 (n+Lla ., ,
grdy ( 2 ) 2, (o= 1))
vy (U50) U - move (1.19)
vy
ov B el ot an—3 n—1 (n+1a ,,
9 —naz" " f(§) —ax 7 y < 5 ) 20, f(€). (4.20)

0 0 — et
o_ 0 [—m”‘laf'(i)y ("3H) -2 (M) “f(&)] ,

(2 (25 oo () () BB

(4.21)
WD e (y ("5 ) @ + naw 1f’(£))
(x"f’y ("5 i - me'(g)) ,
w280 i (xy ("5 e -1
#nar*7y (" ) P O €T - Too>> ,
UL _ a2 (" ] 1>2<(”; f”a)@w To) (€)1 (€)6(€)
+na’s Ty (” 5 1) m;y f”“(Tw — To) f2(€)0(9). (4.22)
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dv OT —1 !
#- ()0 (5 V)

(=

u>F>

( <”“> SR LIy Y <£>)
ovor =5 (1 — 1 (n+1a
DI e y( . ) sy Lo = T OO
+ iy (”51) ((”2* f”“) (T = TP O (0(S)

1)( 2 )F T, — Too) ()" (€)8'(€)
) .-

an- (”21 (T — T) () F(E)0'(€). (4.23)
ov oT n 3n—5 n—1 (n+1) "
a—a—y—ax f(g)[—ax Y ( 5 207 ()
~ = ey (50) 119 - a2y (M5 ) (57) £
(1) (] [ o o
ra— o () (M) @ morerione
-y (M) T, T O
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T . n—1Y\ , n (n+1 2usa
axay—%xf(@(—w ("5 ) o - (M )\/n+1f(£)>

€T 2
2 21/f

wo n—1(n+1)a y
g A, 1))

g = (=t (M50 0 -2 (U1) 2250 ©)

2uv

(Tw - Tm)el(f)

+x

g™y (” - 1) Va1, (426

22T e (y ("3 1)2 (“5et) - oo

e () B -nome)

UQ% _ a2x3n—3y2 (n; 1) ((n + 1)CL> (Tw _ Too)flz(é’)@"(f)

21/f

+a2x5"55y<”;1> (";3> (”+”“(Tw—Tm)f'i’(g)e'(g). (4.27)

21/f

2
0°T —1 n—1 1 2
VG = (—az”_lay (" 5 )f’(f) _ 2 (“; > n”f’lﬂf))

(mn_la(n + 1) (Tw . Tm)9/1(6)> ’

2Vf
2 n— ’ n a
gTszy( ] 1) <( o >(Tw—Too)f’2<€)9”<€>
e (n 2 1) (n : 1) R SUGICC

T a3 R STRETIE) (1.29
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Adding equations (4.22)-(4.28), we get.

Ou 0T Ov OT ov OT Ou 0T 0T , O*T 82T
us o Ua_ya_y+u%a_y+va_y%+2“”axay+ 57 TV
_ ity (”‘1) ("5 - 1©0©)
+nata®y (” 1)\/TT T fOF(E)
+na2a T y(” 1) (”;;fl)a (T — The '(€)
g () (O ny”) (T = TS ©1"OF €
st (2 1, - (©©)
ratety () (U5 ) ”;; D, - s £O16)
g ("5) (“jy U8 (1, - s
- = ey (5 ) P - T 096
-y () (55 | P - T 0

e (n ; 1) (n —2|— 1) (T — Too) F(E) £/(£)0'(€)

IR (”T‘l> ((” - ”a) (T — T) /() ()0 (€)

21/f

R xy<n 7 1) (n > 1) O 1) )8

2Vf

2
— 22T 5y (n ; 1) (n;l_/fl)a(Tw - Tw)f&(f)el(g)

— 2a%y% a3 3<n 5 1) (n;—yfl)a(Tw — Too) [2(£)0"(€)
2 (n 2 1) (n : 1) (T = TSES €0 (€)

a2y (” = 1) (” . 1) s f”“m, — T OO0 ()




Nanofluid Flow with Cattaneo-Christov and Chemical Reaction 51

vy () (M2 D) - o e

Ty (” . 1) (” = 3) " f”‘l(Tw — T PO (€)

vyt () (U - oo

+a2a?? (” ; 1)2 (T — To) ()07 (€)

T 22y (” = 1) (”; 1) o f”“(Tw — TS S(€)0"(E),

= a2 (n il 1>2 (T — To) f1(£)0"(8)

2
vl (") -2 (%50 | - mos@rene
- (” . 1)2 (T — T FHOF(€)

= a?a™? <n - 1>2 (T = To) fA(£)0"(8)

n—+1 2n—n+1

parens (D) (222 ) (- TOROSO06)

~—

= a?zx™? (n ; 1>2 (T — Toe) FA()0" ()

+1 n—nm+1—2n+2

pargs (UEL) (B LZBEE) (oo

_ a2x2n—2 (n ‘2|' 1) (Tw . Too)f2(€>el/<€>

n+1\[-n+1+2

+< ! )( ; )(n—m)ﬂ@f@)@’(&»

— 222 (n + 1) (Tw _ Too)fz(f)eﬂ(f)

2

+ a2 (n ;r 1) <_n2+ 3) (T = Toc) () ' (£)E'(S),

s (n 2 1) (T — T) ()0 (€)

_ g2 (" = 1) (” = 3) (T = T F()F()9(E). (4.29)
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aT o nT—l (n _'_ 1)(1 /

" 2, (T — Too)0'(€)- (4.30)

0C _ aa (n+1)a B ,

oy 2, (Cw — C)W'(§)- (4.31)
T\ > _ el (n+1)a _ 2,72

(5) ==, ~ ropee (1.32)

2
(o (B3R (5)) (e

(nB[ e 0, - e | <”“)“<cw—coo>h'<s>]>,

2y 2vy
Dy (“”” )( T)(Co — C )P
T DT ” 1( 2vf ) P
_ TDB< . Ox) (< Da )( )8 (€)1 (€)
+ TDT(;;W Loo) nt (("21) ) (Tw = Too)0(6),

= qz" ! (n ;_ 1) Nb(T,, — Two)0' (E)R' (£)
+az™ ! (n ; 1) NH(T,, — To)0"(€),

i (” ; 1) (T, — Too) (NBO ()R () + Nt02(€)) . (4.33)

Left hand side of (4.3)

= —ar (" ; 1) (T — Too) F(E)0'(€) + a2z~ (”TH)Q(Tw — T) f2(€)0"(€)

(D) (P22 @ - T @ (434

Right hand side of (4.3)

= apgaz™ (n; 1) (T — To)8"(€) + —22 L3 (—” * 1) F2(€)

vy (PCP)ny 2vy
1 16072 (n + 1) q
— X ax" (T, — T 0" (&) + T, —T-)0
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+az"! (” ; 1) (T — Too) (NG (€)' (€) + Nt9(€)) . (4.35)

Comparing (4.34) and (4.35)

—az™ ! (n—2|- 1) (T — Too) f(£)O'(E)

+ Na?z? 2(%) (T — Two) f2(£)0"(€)

At ( : )(” 3 (©)0(),
+1

= a,raz” ! 7 __Hnf 3301 n+1Y\ .

= Qg ( )(Tw T)0"(€) + s ( 5, )f (€)
1 160* T3 3 n+1 q

Oy e o= T (ﬁ) PO oy, Te — T

+az"! (RTH) (T — Two) (NVO' (E)R'(€) + NtO(€))
- g1+ L () P - (U52) rerene)

nf
—0"(€) + (pcg;nff%f (TSQfQ;OO)f”(é) (/)Op)lnfanf 16;530 0(6)
<p0p>nfinfaxn1 (fﬁ) 0(&) + a”—;«Nbe%s)h'(f) + Nt0™(€)),
0"(€) + ”f(’;—ffm FOO(E) + %(ﬁ??@) £26) 4 if 16;{3’30 0 (6)
8t [(75) oo (%) o]
Tk faqun—l (fiﬁ) 08+ W(#%(Nbﬁ’(ﬁ)h’(f) + Nt02(€)) = 0. (4.36)
W (14 3R) 9 + LI g + B2 e

- o [ (U58) P - (M57) ror©me)

U () 00 + L e i (6) + Neo(€) =0,

Frazn1 \nt 1 ks

i (1 3R) 010+ SRR +
- LIRS i@fgg;js Aaa"™! K" > 1) F©)0"(©) - (" 5 3) f(é)f’(é)ﬁ’(é)]
bt () oo+ D () + N1P(9) 0
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A0+ AsPr 010 + Pr{ sz ) 1210 + Pr( g ) ot
+ AsPry ( (” o) 3) OIGGEE: 1f2(£)9”(€)>
+ A5 Pr(NbO' ()R (€) + Nt9*(€)) = 0. (4.37)

Now, we include below the procedure for the conversion of equation (4.4) into the

dimensionless form.

C—-Cyx
h(f) = C,— 0007
oc N
% - (Cw - C’oo)h (5)%7
oC -1\ s
oc N3
- (Cw — Co)l (f)a—y,

0C _ o la(n+1) B ,
o’C a1 a(n+1) PN
9 " \lz—yf(cw—coo)h <€)8_y’

rc 25t a(n+1)
8y2 N 2Vf

(Cow — Cs)h"(€) (55 :

820 xnfl < M) (Cw - Coo)h”(f)a

EIen 2vy
820 _ n—1 a’(n + 1) "
3 =z Q—Vf(cw_coo)h (€).

82_T _ xnfl CL(TL + ]‘)
8y2 N 2Vf

(Tw - TOO)GN(@-

Using (4.38) and (4.39) in left hand side of (4.4)

2Vf

n—1

2Vf

(4.38)

(4.39)

a(n + 1))

(4.40)

(4.41)

W22 % e ( (“5) = n /M e - %)h'(g))

a(n+1)
21/f

(Cw - Cw)”(ﬁ)a
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u%_}_v%:axs%—:sy <n;1> CL(?”L—i—l)

G (Cu = CFEH(©)

2Vf

-y (M) [ - Corone)

—az"

. (n . 1) (Cw = Co) (),
oC | 9C _ nl("“

) (€= casne (4.42)

Using (4.40) and (4.41) in right hand side of (4.4)

02C Dy O0*T e +1 I
Do+ 7, gy~ (0= C) = Dpa™™! (“ZW )> (G = Coa)"(E)

DT n— a(n + 1) "
+ D ( o ) (T — T)0"(€) — Ko(Cu — Co)(E). (4.43)

Comparing (4.32) and (4.33)

et (n : 1) (Cu = C)FON() = D! ((Zt ”) (C— C)H(€)

. zT)_:xn_l (ca(z_:;l) ) (Toy — Too)"(€) — K (Coy — Coo)(E).

Dividing both side Dgz"a (”—“) (Cw — Cx)

2vy

N i / o DT<Tw _TOO) " i KT2Vf

" / DTT(TU’ — TOO)Vf 1" Vy 2K, _
R'(&) + Lef(N(E) + Toov; Dy (Coy — 000)9 (&) — D—Bmh(ﬁ) =0,
R(€) + Lef(OW(E) + 12 0(€) — naLeh(e) =0 (4.44)

Now discussing the procedure for conversion of boundary conditions into dimen-

sionless form.
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C — Cy, as Yy — 00.
= h(&)(Cp — Cx) + Csx = Cx,
= h(E(Cw—Cx) =
= ) - as & — oo.
= h(o0) =

The final dimensionless form of the governing model, is

P16+ e (1800 - (1) 140))

n+1

_ (n i 1) (K + MA A sin®(7)) f/(€) = 0. (4.45)

AG(E) + Pras () + Praus™(©) + Pr () @09

+ e (P00 000 - )
+ A5 Pr(NbO' ()R (€) + Nt9*(€)) = 0. (4.46)
W) + Lef(EH(€) + e#(€) — Leh(e) = 0 (4.47)

The associated BCs (4.5) in the dimensionless form are,

f0)=0, f(0)=1, 6(0)=1, h(0)=1 } (4.48)

F(00) =0, 6(c0) =0, h(cx)—0.

Different parameters used in equations (4.45)-(4.47) are formulated as follows.

M = K=—" = 00 = az™ ')\

prax—? ako’ kngk*’ = ar ’

vy U2 qx vy
Pr=—  FEc= , Q= , Le=—-

ay (cp)f(Tw — To) (pcp) 1Uw Dp

2k, Dy(Cy — Cu Dy(Ty — T,

V2 = — h="_ 2 ), Nt=" il )

(n+ 1)ax™ vy Toovy

The local Sherwood number are defined as

Lm

Shy = Dp(Co— C)’

(4.49)
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To achive the dimensionless form of Sh,, the following step will be helpful.

Since
oC
Gm = —Dp (3_> (4-50)
h =
She (C’ —C’ <
1)
She =~y _C ,/“(”+ (Cu — C)H(),
Sh, = —z"5 M
“ 21/f
ax™t (n+1 5,

Sh, = —Re? (" ; 1) W(E),

Shy, n+1\’ ,
Re?

Re Sh, = — (” . 1) e, (4.51)

where Re = %f(x)

4.3 Solution Methodology

In order to solve the system of ODEs (4.45) the shooting method has been used.

The following notations have been cosidered.
=2, ['=Z=2,, ['=2=2y=2 ["=2Z;

For simplification, the following notation have been defined.

3(z-1)0
Ar=(1-¢)*?, A2=(1—¢+¢%), Az=1+ <f )
f
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By using the notations, the equation (4.45) is converted into first order ODEs.

Z{ — Z27 Zl(O) - 0

Zé — 237 ZQ(O) — 0

2n 2 .
Zy=—A1Ay <Z1Zs T 1Z22> t (m) (K + MAiAgsin®(y)) Z2,  Z3(0) = s.

The above initial value problem will be numerically solved by RK-4. The missing

condition ‘s’ assumed to satisfy the following relation.

Z2(£oo)s - O

To solve the above algebaric equations we use the Newton’s method which has the

following iterative scheme.

w1 _ o (Z2(80))s=s

S =S — .
0Z2(6)
Os —gn

We further introduce the following notations,

9z, 87, 07
s M gy T gy e

As a result of these new notations, the Newton’s iterative scheme.

Sn+1 n (22(500))8:5”

=g —

(Z5(£oo))s:5” '

Now differentiating system of three first order ODEs with respect to s, we get
three more ODEs.

Zzll == Z5, Z4(0) =0.

Zé = Zﬁ, Z5(0) — 0

2n
Zg=—A14, (ZlZ6 + 2324 — <n n 1> 2Z2Z5>

2 .
+ (n T 1) <K+ MA1A3 Sll’l2<’)/))Z5, Zﬁ(O) =1.
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The missing condition s is updated by the Newton’s method and process will be

continued until the following criteria is met.

’ (ZQ(foo))s:s" ‘< €.

where € is an arbitrarily small positive number. From now onward e has been

taken as 10710,

Also, for equations (4.46) and (4.47), the following notation have been used.

923/1’ 9/23/1/:}/27 0//:)/2/‘

h=Y;, W=Y/=Y, NW=Y].

kg 4 o, (pCyp)s
A= (1) = (1o o)

AG_PT<<1;E#), A7_(A4—A5P7”’h(n—2i_1>f2)

The system of equations (4.46) and (4.47), can be written in the form of the

following first order coupled ODEs.

Y/ =Y, n(0) =1.
P 1
Y] = _r As Yy +A5%(n+ )fle? + Ag f"
Az 2
(2 ) QY+ ANBYLY, + ANTY Y(0) =1
n+1 2 '
Nt | Pr n+1
YZ:Le(_fyzl—i‘%Ya)+mlA—7[A5fY2+A5%( 5 )ff/Y2
2
+ Ao f"™ + (n——|—1>QY1 + AsNOY,Y, + A5N75Y22H ; Ys(0) = m.

The RK-4 method has been taken into consideration for solving the above initial

value problem. For the above system of equtions, the missing conditions are to be

chosen such that.

(Yi(l,m))e=¢.. =0, (Ys(l,m))e=e.. = 0.
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To solve the above algebaric equations, we apply the Newton’s method which has

the following scheme.

n+1 n [ S)EY
! _ ! o om Y1
n+1 n 9Ys  9Ys
m m ol om Y3

Now, introduce the following notations,

Yy Yo s oYy
ol =¥ ol =Y ol =¥ ol =Y
Yy Yo oYs oYy
am — }/;9’ am - 3/107 am - Yll’ am — 112-

As the result of these new notations, the Newton’s iterative scheme gets the form.

-1

ln—l—l " Y:r, ng Y'l

mnt 1 mn Y7 Y'l 1 Y})

Now differentiating the system of four first order ODEs with respect to [, and m

we get another system of ODEs, as follows.

Y! = Y, ¥5(0) = 0.
Pr n+1 2
/___ / -
Yy = A7<A5fY6+Am( ) I Yet () Qs
+ AsNb(YYs + YaYs) + 2A5NtY2Y6> , Ys(0) = 1.
Nt ( Pr n+1
Ysl:Le(—fYéﬂLW’zYﬂ+Fb<A—7(A5fYﬁ+A5%< 5 )ff/YG
£ (2 ) QY5 + ANB(YRY; + YY) + 24, N1Y2Yy) Y4(0) = 0.
n—+1 ’
Pr n+1 2
“’0:‘E<AM°+A”1( 5 )0+ () o

+ A5 Nb(Y10Yy + YaYis) + 2A5Nﬂ/2Y10> ; Y10(0) = 0.
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Yy, =Yz, Y11(0) = 0.

Nt
Y/, = Le(— fY; Y —
12 6( fYia 4+ 7 11)‘|‘Nb

Pr

A_7 [A5fY10 + Asm (

n+1
2

)£1' Yo

2
() Qs + ANB(YiYi + VaYia) + 2A5NtY2Ylo] , Yia(0) = 1.

n+1

The stopping criteria for the Newton’s method is set as.

maz{|Y1 (&)l [Ya(€o) [} <€

4.4 Representation of Graphs and Tables

The principle object is about to examine the impact of different parameters against
the velocity f’(£), temperature 6(¢) and concentration distribution A(). The im-
pact of different factors like nonlinear stretching parameter n, magnetic parameter
M, thermal radiation R and Lewis number Le is observed graphically. Numerical
outcomes of the skin friction coefficient, local Nusselt number and local Sherwood
number for the distinct values of some fixed parameters are shown in Tables 4.1-
4.2.

Figures 4.2 and 4.3, show the effect of ¢ on velocity profile f'(£) and temperature
profile 6(§) respectively. By enhancing the values of ¢, the velocity profile de-
creases and increases the boundary layer thickness. Reason behind this behavior
is that, if we increases the ¢ effective viscosity will increase which provide more
resistance to fluid particles.

Figures 4.4 and 4.5 show the impact of permeability parameter K. For the rising
values of K, the velocity profile f/'(£) decreases and temperature profile 6(&) in-
creases.

Figure 4.6 displays the impact of stretching parameter n on the velocity distri-
bution. By rising the values of n, the velocity distribution show the increasing
behavior. Figure 4.7 describes the impact of stretching parameter n on temper-
ature distribution. By increasing the values of n, the temperature distribution is

decreased.
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The impact of heat generation @) on 6(§) can be seen in Figure 4.8. It is observed
that for increasing values of () more heat is generated, because of this #(¢) and
thermal boundary layer thickness increases.

Figure 4.9 demonstrate the impact of Eckert number Ec, on 0(¢) . As Eckert num-
ber specify the ratio of kinetic energy and enthalpy change of flow. It is clearly
obsreved that the 0(&) is increased by rising the values of Ec due to the decrement
in heat transfer rate.

Figure 4.10 shows the impact of thermal radiation R on the temperature distri-
bution #(§). By enhancing the values of R, the temperature distribution 0(&) is
increased.

Figure 4.11 displays the impact of M, on the velocity distribution. The higher
values of M, shows decreasing behavior of velocity profile. As M specify as ratio
of Lorentz forces to the viscous forces, so with an increment in M Lorentz force
becomes dominant and it reduces the velocity of fiuid. Figure 4.12 describes the
impact of M on 0(§). The temperature distribution expands by enhancing the
values of M. Figure 4.13 describes the impact of M, on the concentration distri-
bution. Rising the values of M, the concentration distribution A(§) is increased
due to the presence of Lorentz force.

Figure 4.14, shows the impact of Prandtl number Pr on the temperature distribu-
tions. Since Pr is directly proportionate to the viscous diffusion rate and inversely
related to the thermal diffusivity, so the thermal diffusion rate suffers a reduction
for the larger values of Pr and subsequently, the temperature of the fluid drops
significantly. Moreover, a decrement in the thermal boundary layer thickness has
been noted.

Figure 4.15 and Figure 4.16 indicate the impact of Nb on the dimensionless tem-
perature and concentration distribution. The behavior of temperature distribution
is increased and concentration profile is decreased due to the accelerating values
of Nb.

Figure 4.17 shows the influence of relaxation time parameter v; on the tempera-
ture proflie #(§). An decrement is noticed in temperature distribution by rising

the values of relaxation time parameter ;.
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Figure 4.18-4.20 show the impact of inclined magnetic field v on f/(£), 0(§) and
h(&) distributions. Figure 4.18 displays the impact of inclination angle v on the
velocity profile. Physically an increase in the inclination angle we are actually
increase the Lorentz force which are friction forces thus correspondingly the de-
creases velocity profile. Figure 4.19 increment is notced in the temperature dis-
tributions for the increasing values of 7. Physically by increasing the inclination
angle increase the Lorentz force which generate more heat and thus increase the
temperature profile. Figure 4.20 shows the impact of the inclination angle v on
concentration profile. Enhancing the values of + the concentration profile is de-
creased

Figure 4.21 shows the relationship between Lewis numbers Le and the dimen-
sional concentration distribution A(£). Concentration profile decreasing for the
rising values of Le and thus we have get a small molecular diffusivity and thermal

boundary layer.

TABLE 4.1: Results of (Rex)%C’f for fixed parameter v = /3

¢ n M K (Re,)2Cy
0.0 2.0 2.0 1.0 -2.080434
0.1 2.0 2.0 1.0 -2.926805
0.2 2.0 2.0 1.0 -3.988520
0.1 1.0 2.0 1.0 -2.575523
0.1 3.0 2.0 1.0 -3.239700
0.1 7.0 2.0 1.0 -4.266206
0.1 2.0 1.0 1.0 -2.694844
0.1 2.0 3.0 1.0 -3.141588
0.1 2.0 4.0 1.0 -3.342529
0.1 2.0 2.0 0.0 -2.620896
0.1 2.0 2.0 2.0 -3.203476
0.1 2.0 2.0 3.0 -3.457976

0.1 2.0 2.0 4.0 -3.694925
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TABLE 4.2: Results of —(Rex)_TlNux and —(Rex)_?lth some fixed parameters

y=m/3,n=20,K =10, Ec=02,Q=0.1, Nt = Nb=0.1

—(Re,) = Nuy

—(Re,)# Shy

) M R Pr v Le %

0.0 20 05 6.2 0.1 50 0.1 0.629182 2.056874
0.05 2.0 0.5 6.2 0.1 5.0 0.1 0.466804 2.116543
0.1 20 05 6.2 0.1 50 0.1 0.280950 2.173794
0.15 20 05 6.2 01 5.0 0.1 0.071398 2.228292
0.1 0.0 05 6.2 0.1 50 0.1 0.795658 2.085888
0.1 10 05 6.2 0.1 50 0.1 0.526569 2.129644
0.1 20 05 6.2 0.1 50 0.1 0.280950 2.173794
0.1 30 05 6.2 0.1 50 0.1 0.055493 2.217957
0.1 20 0.1 6.2 0.1 50 0.1 0.067574 2.305898
0.1 20 02 6.2 0.1 50 0.1 0.128470 2.260081
0.1 20 03 6.2 01 5.0 0.1 0.183624 2.224545
0.1 20 04 6.2 01 5.0 0.1 0.234113 2.196435
0.1 20 05 3.0 0.1 50 0.1 0.398620 2.055958
0.1 20 05 50 0.1 50 0.1 0.328947 2.126781
0.1 20 05 70 01 5.0 0.1 0.240460 2.207714
0.1 20 05 9.0 0.1 5.0 0.1 0.108374 2.300182
0.1 20 05 6.2 0.2 50 0.1 0.409990 2.140427
0.1 20 05 6.2 0.3 50 0.1 0.553534 2.103415
0.1 20 05 6.2 04 50 0.1 0.710646 2.062804
0.1 20 05 6.2 05 50 0.1 0.879991 2.018601
0.1 20 05 6.2 0.1 6.0 0.1 0.272986 2.409282
0.1 20 05 6.2 0.1 7.0 0.1 0.268145 2.624261
0.1 20 05 6.2 0.1 80 0.1 0.265270 2.823147
0.1 20 05 6.2 0.1 9.0 0.1 0.263679 3.009018
0.1 20 05 6.2 0.1 5.0 0.0 0.288737 1.871517
0.1 20 05 6.2 0.1 50 0.1 0.280950 2.173794
0.1 20 05 6.2 0.1 50 0.2 0.275834 2.423334
0.1 20 05 6.2 0.1 50 03 0.272352 2.638131
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FIGURE 4.3: Impact of ¢ on the temperature profile.
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FIGURE 4.4: Impact of K on the velocity profile.
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FI1GURE 4.5: Impact of K on the temperature profile.
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FIGURE 4.9: Impact of Fc on the temperature profile.
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FIGURE 4.10: Impact of R on the temperature profile.
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FIGURE 4.11: Impact of M on the velocity profile.
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FIGURE 4.12: Impact of M on the temperature profile.
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FIGURE 4.13: Impact of M on the concentration profile.
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FI1GURE 4.15: Impact of Nb on the temperature profile.




Nanofluid Flow with Cattaneo-Christov and Chemical Reaction

73

h(§)

0(¢)

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

3

Nb=0.1

B M:Z.O, n:2.0,¢:0.05, 'Y=7r/3, Nb=0.2

Pr=6.2, Ec=0.2, Q=0.1, R=0.5, ND=0.3

- Nt=7,=7,=0.1, Le=5.0, K=0.25 Nb0.4
0 0.5 1 15 2 25 3.5

3

'yl=0.0
'yl=0.1
i M=2.0, n=2.0, $=0.05, y=/3, 1202
Pr=6.2, Ec=0.2, Q=0.1, R=0.5, 1
i Nt=Nb=y,=0.1, Le=5.0, K=0.25 7,703
0 05 1 15 2 25 35

FIGURE 4.17: Impact of 71 on the temperature profile.
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FIGURE 4.18: Impact of v on the velocity profile.
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FIGURE 4.19: Impact of v on the temperature profile.
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FI1GURE 4.20: Impact of v on the concentration profile.
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FIGURE 4.21: Impact of Le on the concentration profile.



Chapter 5

Conclusion

In this thesis, the work of Jafar et al. [44] is reviewed and extended with the
effect of inclined magnetic field, Cattaneo-Christov heat flux, Brownain motion,
thermophoresis diffusion and chemical reaction. First of all, momentum, energy
and concentration equations are converted into the ODEs by using some similarity
transformations. By using the shooting technique, numerical solution has been
found for the transformed ODEs. Using different values of the governing physical
parameters, the results are presented in the form of tables and graphs for velocity,
temperature and concentration profiles. The achievements of the current research

can be summarized as below:

Increasing the values of ¢, the velocity profile decreases while the tempera-

ture profile increases.

e For the enhancing values of R and (), the temperature distribution is in-

creased.

e The velocity profile is decreased due to the increasing values of the perme-

ability paramater K.

e Rising the values of Prandtl number results in decrease the temperature

profile.
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e Increasing the magnetic parameter M results in a rise in the skin friction

coefficent.

e A decrement is noticed in Nusselt number due to ascending values of Prandtl

number.

e An increment is noticed in the temperature distribution by rising the values

of Eckert number Ec.
e By increasing the values of M, the concentration profile increased.
e With a rise in Nb, the temperature profile increases.

e Due to the ascending values of Le, the numerical values of local Sh, is

increased.

e Due to the ascending values of the relaxation time parameter 7, the values

of Nu, are increased while Sh, is decreased.



Bibliography

1]

S. Choi, D. Singer, H. Wang, et al., “Developments and applications of non-
Newtonian flows,” ASME FED, vol. 66, pp. 99-105, 1995.

R. Pal, “A novel method to determine the thermal conductivity of interfacial
layers surrounding the nanoparticles of a nanofluid,” Nanomaterials, vol. 4,

no. 4, pp. 844-855, 2014.

M. H. Bahmani, G. Sheikhzadeh, M. Zarringhalam, O. A. Akbari, A. A.
Alrashed, G. A. S. Shabani, and M. Goodarzi, “Investigation of turbulent
heat transfer and nanofluid flow in a double pipe heat exchanger,” Advanced

Powder Technology, vol. 29, no. 2, pp. 273-282, 2018.

M. Bahiraei, M. Jamshidmofid, and M. Goodarzi, “Efficacy of a hybrid
nanofluid in a new microchannel heat sink equipped with both secondary

channels and ribs,” Journal of Molecular Liquids, vol. 273, pp. 8898, 2019.

M. Mahmoodi and S. Kandelousi, “Kerosene- alumina nanofluid flow and heat
transfer for cooling application,” Journal of Central South University, vol. 23,

no. 4, pp. 983-990, 2016.

Y. Xuan and W. Roetzel, “Conceptions for heat transfer correlation of
nanofluids,” International Journal of Heat and Mass Transfer, vol. 43, no. 19,

pp. 3701-3707, 2000.

S. Choi, Z. Zhang, W. Yu, F. Lockwood, and E. Grulke, “Anomalous thermal
conductivity enhancement in nanotube suspensions,” Applied Physics Letters,

vol. 79, no. 14, pp. 2252-2254, 2001.

78



Bibliography 79

8]

[9]

[10]

[11]

[13]

[14]

[15]

[16]

J. Buongiorno, “Convective transport in nanofluids,” Journal of Heat Trans-

fer, vol. 128, no. 3, pp. 240-250, 2006.

R. K. Tiwari and M. K. Das, “Heat transfer augmentation in a two-sided lid-
driven differentially heated square cavity utilizing nanofluids,” International

Journal of Heat and Mass Transfer, vol. 50, no. 9-10, pp. 2002-2018, 2007.

J.-C. Yang, F.-C. Li, W.-W. Zhou, Y .-R. He, and B.-C. Jiang, “Experimental
investigation on the thermal conductivity and shear viscosity of viscoelastic-

fluid-based nanofluids,” International Journal of Heat and Mass Transfer,

vol. 55, no. 11-12, pp. 3160-3166, 2012.

Khan and Pop, “Boundary-layer flow of a nanofluid past a stretching sheet,”
International Journal of Heat and Mass Transfer, vol. 53, no. 11-12, pp. 2477—
2483, 2010.

P. Rana and R. Bhargava, “Finite element simulation of transport phenom-
ena of viscoelastic nanofluid over a stretching sheet with energy dissipation,”

Journal of Information and Operations Management, vol. 3, no. 1, 2012.

M. Hamad and M. Ferdows, “Similarity solutions to viscous flow and heat
transfer of nanofluid over nonlinearly stretching sheet,” Applied Mathematics

and Mechanics, vol. 33, no. 7, pp. 923-930, 2012.

F. M. Hady, F. S. Ibrahim, S. M. Abdel-Gaied, and M. R. Eid, “Radiation
effect on viscous flow of a nanofluid and heat transfer over a nonlinearly

stretching sheet,” Nanoscale Research Letters, vol. 7, no. 1, p. 229, 2012.

K. Das, “Nanofluid flow over a non-linear permeable stretching sheet with
partial slip,” Journal of the Egyptian Mathematical Society, vol. 23, no. 2,
pp. 451-456, 2015.

J. A. Khan, M. Mustafa, T. Hayat, and A. Alsaedi, “Three-dimensional flow of
nanofluid over a non-linearly stretching sheet: An application to solar energy,”

International Journal of Heat and Mass Transfer, vol. 86, pp. 158-164, 2015.



Bibliography 80

[17]

[18]

[20]

[22]

[23]

[24]

A. Malvandi, F. Hedayati, and D. Ganji, “Nanofluid flow on the stagnation
point of a permeable non-linearly stretching /shrinking sheet,” Alexandria En-

gineering Journal, vol. 57, no. 4, pp. 2199-2208, 2018.

S. U. Khan and S. A. Shehzad, “Brownian movement and thermophoretic as-
pects in third-grade nanofluid over oscillatory moving sheet,” Physica Scripta,

vol. 94, no. 9, p. 095202, 2019.

M. H. Matin, M. Dehsara, and A. Abbassi, “Mixed convection MHD flow of
nanofluid over a nonlinear stretching sheet with effects of viscous dissipation

and variable magnetic field,” Mechanics, vol. 18, no. 4, pp. 415-423, 2012.

A. Z. Ghadi, M. J. Noroozi, and M. H. Esfe, “Nanofluid implementation for
heat transfer augmentation of magneto hydrodynamic flows in a lid-driven
cavity using experimental-based correlations,” International Journal of Ap-

plied Electromagnetics and Mechanics, vol. 42, no. 4, pp. 589-602, 2013.

N. Sandeep, C. Sulochana, C. Raju, M. J. Babu, and V. Sugunamma, “Un-
steady boundary layer flow of thermophoretic MHD nanofluid past a stretch-
ing sheet with space and time dependent internal heat source/sink,” Applied

Mathematics, vol. 10, no. 1, pp. 312-327, 2015.

S. Naramgari and C. Sulochana, “Dual solutions of radiative MHD nanofluid
flow over an exponentially stretching sheet with heat generation/absorption,”

Applied Nanoscience, vol. 6, no. 1, pp. 131-139, 2016.

M. Khan and M. Azam, “Unsteady heat and mass transfer mechanisms
in MHD Carreau nanofluid flow,” Journal of Molecular Liquids, vol. 225,
pp. 554-562, 2017.

A. Jamaludin, R. Nazar, and I. Pop, “Three-dimensional magnetohydro-
dynamic mixed convection flow of nanofluids over a nonlinearly permeable
stretching /shrinking sheet with velocity and thermal slip,” Applied Sciences,
vol. 8, no. 7, p. 1128, 2018.



Bibliography 81

[25]

[26]

28]

[30]

[31]

I. Ahmad, M. Sajid, W. Awan, M. Rafique, W. Aziz, M. Ahmed, A. Abbasi,
and M. Taj, “MHD flow of a viscous fluid over an exponentially stretching

sheet in a porous medium,” Journal of Applied Mathematics, vol. 2014, 2014.

Z. Shah, E. Bonyah, S. Islam, W. Khan, and M. Ishaq, “Radiative MHD thin
film flow of Williamson fluid over an unsteady permeable stretching sheet,”

Heliyon, vol. 4, no. 10, p. e00825, 2018.

A. Zeeshan, R. Ellahi, and M. Hassan, “Magnetohydrodynamic flow of wa-
ter /ethylene glycol based nanofluids with natural convection through a porous

medium,” The European Physical Journal Plus, vol. 129, no. 12, p. 261, 2014.

D. Pal and G. Mandal, “Mixed convection-radiation on stagnation-point flow
of nanofluids over a stretching/shrinking sheet in a porous medium with heat
generation and viscous dissipation,” Journal of Petroleum Science and Engi-

neering, vol. 126, pp. 1625, 2015.

R. Bhargava and H. Chandra, “Numerical simulation of MHD boundary layer
flow and heat transfer over a nonlinear stretching sheet in the porous medium
with viscous dissipation using hybrid approach,” Journal of Applied Mathe-
matics, 2017.

N. A. Haroun, S. Mondal, and P. Sibanda, “Hydromagnetic nanofluids flow
through a porous medium with thermal radiation, chemical reaction and vis-
cous dissipation using the spectral relaxation method,” International Journal

of Computational Methods, vol. 16, no. 06, p. 1840020, 2019.

Y. Geng, A. Hassanvand, M. Monfared, and R. Moradi, “MHD nanofluid
heat transfer between a stretching sheet and a porous surface using neu-
ral network approach,” International Journal of Modern Physics C, vol. 30,

no. 06, p. 1950048, 2019.

H. R. Patel, “Effects of cross diffusion and heat generation on mixed con-
vective MHD flow of Casson fluid through porous medium with nonlinear

thermal radiation,” Heliyon, vol. 5, no. 4, p. e01555, 2019.



Bibliography 82

[33]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

E. Magyari and A. J. Chamkha, “Combined effect of heat generation or ab-
sorption and first order chemical reaction on micropolar fluid flows over a
uniformly stretched permeable surface,” International Journal of Thermal

Sciences, vol. 49, no. 9, pp. 18211828, 2010.

A. J. Chamkha and A. Rashad, “Unsteady heat and mass transfer by MHD

mixed convection flow from a rotating vertical cone with chemical reaction and

7

soret and dufour effects,

vol. 92, no. 4, pp. 758-767, 2014.

The Canadian Journal of Chemical Engineering,

K. Das, “Effect of chemical reaction and thermal radiation on heat and mass
transfer flow of MHD micropolar fluid in a rotating frame of reference,” Inter-
national Journal of Heat and Mass Transfer, vol. 54, no. 15-16, pp. 3505-3513,
2011.

R. W. Fox, A. McDonald, and P. Pitchard, Introduction to Fluid Mechanics.
2006.

R. Bansal, A Textbook of Fluid Mechanics and Dydraulic Machines. Laxmi
publications, 2004.

J. N. Reddy and D. K. Gartling, The Finite Element Method in Heat Transfer
and Fluid Dynamics. CRC press, 2010.

J. Ahmed and M. S. Rahman, Handbook of Food Process Design. John Wiley
& Sons, 2012.

P. A. Davidson and A. Thess, Magnetohydrodynamics, vol. 418. Springer
Science & Business Media, 2002.

M. Gad-el Hak, Frontiers in Fxperimental Fluid Mechanics, vol. 46. Springer
Science & Business Media, 2013.

R. W. Lewis, P. Nithiarasu, and K. N. Seetharamu, Fundamentals of the
Finite Element Method for Heat and Fluid Flow. John Wiley & Sons, 2004.

J. Kunes, Dimensionless Physical Quantities in Science and Engineering. El-

sevier, 2012.



Bibliography 83

[44] A. B. Jafar, S. Shafie, and I. Ullah, “MHD radiative nanofluid flow induced
by a nonlinear stretching sheet in a porous medium,” Heliyon, vol. 6, no. 6,

p. €04201, 2020.

[45] M. Sheikholeslami, M. Hatami, and D. Ganji, “Nanofluid flow and heat trans-
fer in a rotating system in the presence of a magnetic field,” Journal of Molec-

ular liquids, vol. 190, pp. 112-120, 2014.



	Author's Declaration
	Plagiarism Undertaking
	Acknowledgement
	Abstract
	List of Figures
	List of Tables
	Abbreviations
	Symbols
	1 Introduction
	1.1 Thesis Contributions
	1.2 Layout of Thesis

	2 Preliminaries
	2.1 Some Basic Terminologies
	2.2 Types of Fluid
	2.3 Types of Flow
	2.4 Modes of Heat Transfer
	2.5 Dimensionless Numbers
	2.6 Governing Laws
	2.7 Shooting Method

	3 MHD Radiative Nanofluid Flow in the Porous Medium Induced by a Nonlinear Stretching Sheet
	3.1 Introduction
	3.2 Mathematical Modeling
	3.3 Numerical Method for Solution
	3.4 Representation of Graphs and Tables

	4 MHD Radiative Nanofluid Flow with Cattaneo-Christov Heat Flux and Concentration with Chemical Reaction
	4.1 Introduction
	4.2 Mathematical Modeling
	4.3 Solution Methodology
	4.4 Representation of Graphs and Tables

	5 Conclusion
	Bibliography

